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Numerical Integration of the Blade-to-Blade Surface Euler
Equations in Vibrating Cascades

G. A. Gerolymos*
SNECMA, Moissy Cramayel, France

The unsteady aerodynamics of fluttering cascades is a demanding problem in the analysis of modern
compressors. An algorithm has been developed for numerically integrating the Euler equations in biade-to-biade
surface formulation. The method simulates all the interblade channels of an annular cascade. The equations are
discretized in a grid that moves in order to follow the vibration of the blades. The equations are integrated using
the explicit MacCormack scheme in finite-difference formulation. Mistuned vibration as well as standing-,
traveling-, or influence-wave modes may be readily simulated. Also, two other faster methods have been
developed, simulating traveling and influence waves, respectively. A number of numerical results show the
aptitude of the method to simulate both started and unstarted supersonic flow in vibrating cascades. A first
comparison with available wind-tunnel data corroborates the validity of this approach to predict supersonic
flutter of fans and compressors.
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Nomenclature
speed of sound
streamsheet thickness
pressure coefficient first harmonic [1CP = lp
(Ptrc[ -P) inlet 5vibl}
vibration frequency
flux vector, Eq. (2)
enthalpy
vector of nonconservative quantities, Eq. (2)
rothalpy [/ = h + W2/2 + (QR ) 2/2]
influence-wave method
meridian coordinate
Mach number
isentropic Mach number {Mis = V2/7 — l[(Priniet/
^7-1/7-1]}

multichannel method
number of blades
number of grid points in / and /, respectively
pressure
dissipation coefficient, Table 1
generalized displacements vector, Eq. (5)
traveling-wave order
radius
gas constant
Strouhal number based on chord length

time
temperature
traveling- wave method
vector of unknowns, Eq. (2)
relative velocity
computational plane Cartesian coordinates sys-
tem, Eq. (4)
interblade phase angle, Eq. (5)
vibratory amplitude [6vib = max( max

blade surface

= angular coordinate
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p = density
X ' • := chord length
a; = vibration angular frequency
12 - rotational angular velocity
</> = nodal diameters

Subscripts.
ij
t
k
rel
m
$
X
Y

= grid indices
= stagnation -conditions
= number of blade
= relative frame
= meridianwise
= pitchwise

= Fwise

Superscripts
* — mean value between leading and trailing edge, Eq.

(4)
a, j3 = indices equal to 0 or 1 , Table 1
n — time level, Table 1
p — projected values, Table 1
* = predictor values
** = corrector values, Table 1
1 = first harmonic, Table 1
T = transpose of a vector

Introduction

FLUTTER inception may limit compressor operation at
various regions of the compressor operating map (Fig. I).1

That is why flutter analysis has become part of the design
process of aircraft engine axial compressors.2 To this end,
unsteady aerodynamics codes have been developed. Early
work in the field concentrated on simplified semi-analytical
methods.3'5 Their major drawback was that they had to make
restrictive assumptions on cascade geometry. However, the
availability of modern high-speed computers6'9 enhanced the
development of more accurate numerical methods. Both
potential methods10'13 and Euler solvers14'15 have appeared in
the literature.

In this work, we are primarily interested in supersonic
flutter (regions 2, 3, and 4 in Fig. 1). The relative upstream
Mach number at the blade tip sections is supersonic, and the
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flow may be started or unstarted, depending on back-pressure
level.16'17 Experimental results18'19 and theoretical analyses20'21

have stressed the importance of shock-wave oscillation in
supersonic flutter and have suggested that the shock-wave
motion may be nonharmonic even when the structural vib-
ration is harmonic. On the other hand, viscous effects do not
seem dominant in the region of supersonic flutter. That is why
the Euler equations seem to be well adapted to the problem.

We have developed a method for analyzing the unsteady
aerodynamics of vibrating compressor cascades. The flow is
modeled by the unsteady Euler equations, written on a stream-
sheet generated by revolution of a meridian streamline, fol-
lowing Wu's quasi-three-dimensional model (Fig. 2).22 The
time dependence of the streamsheet radial position and thick-
ness constitute unsteady three-dimensional effects. They are
omitted in the context of quasi-three-dimensional theory.4
Then the unsteady blade-to-blade surface Euler equations are

with

, _
at dm " (1)

U = (pbR, pbRWm, pbRW$, pbRI - bRp) T (2a)

Fm=(pbRWm, pbRWn + bRp, pbRWmW^

PbRWmI)T (2b)

-bRp,

(2c)

(2d)

(3)

3R—, 0)T

and are completed by the perfect-gas equation of state

The integration of these equations with steady-state boundary
conditions converges asymptotically to the steady-state solu-
tion.23 Their integration in a vibrating cascade determines the
response of the flowfield to the oscillations of the blades.

Computational Mesh
Initial Grid

The blade-to-blade surface is mapped into the computa-
tional plane by the transformation24

(4)

which unfolds the blade-to-blade surface in both the circum-
ferential and the meridian direction. Then, the computational
grid is generated automatically in the computational plane
(Fig. 2) by an algebraic method. The iso-/ lines, which are
parallel to the cascade front, are distributed with ratios 3:4:3
between the upstream:in-passage:dowstream regions. They
are equidistant in the blade passage and are stretched outside
it following a geometric progression law. The leading and
trailing edges are positioned at mid-distance between two
consecutive /stations and do not correspond to grid points so
as to avoid numerical instabilities associated with the strong
flow gradients encountered at the blade edges. The iso-/lines
are equally spaced in the circumferential direction.

Grid Displacement
At every iteration, the grid is displaced to conform with the

new position of the vibrating blades. The words old and new
will be used to distinguish between two consecutive iterations.

The grid points on the blades always correspond to the same
physical points. The upstream and downstream boundaries
remain at the same axial positions. The upstream permeable
pitchwise boundaries are displaced as rigid bodies following
the leading-edge displacement. The downstream permeable
pitchwise boundaries are displaced following the inviscid
slipstream discontinuity, which they simulate. On the dis-
placed, as previously described, pitchwise boundaries new grid
points are distributed following a geometric progression law.
Care is taken that the leading and trailing edges be at
mid-distance between two consecutive / stations. The new
iso-/ lines are straight lines joining the corresponding points
on the pitchwise limits. The new iso-/ lines define equidistant
grid points on each iso-/ line.

This grid displacement procedure preserves the nonlinear
character of the formulation and permits the simulation of
fairly large displacements. Furthermore, the discretization of
all the interblade passages (Fig. 3) permits the simulation of an
arbitrary vibratory organization of the blades, including mis-
tuned configurations.25'26 The method is capable of simulating
arbitrary blade motion, including a profile deforming vibra-
tion mode.2'27 However, in the applications presented here,
only modes where the profile vibrates as a rigid body have
been considered.

Algorithm
Numerical Scheme

The unsteady Euler equations [Eq. (1)] are written and
integrated in a coordinates system fixed to the rotor. They are
discretized in a moving grid by geometrically projecting the
old aerodynamic field onto the new grid, following the work
of Viviand and Veuillot,28 in which the grid motion is sepa-
rated from the numerical scheme. For the projection of the
aerodynamic field onto the new grid, centered second-order-
accurate spatial differences are used (Table 1). Then the
numerical scheme is applied in the new grid (Table 1). The
unsteady Euler equations are written in conservation form29 in
order to capture the shock waves eventually embedded in the
flowfield following the theory of weak solutions of hyperbolic
conservation laws.30"32 The explicit predictor-corrector Mac-
Cormack scheme33'34 is used for the integration (Table 1). It is
second-order-accurate, both in time and space/Its time step is
limited, for numerical stability reasons, by a CFL-type
criterion.28'35"37 In the predictor and corrector steps, forward
and backward differences are used, respectively (Table 1). It is

PRESSURE RATIO

SURGE LINE

. MASS-FLOW RATE

1. POSITIVE INCIDENCE SUBSONIC SEPARATION FLUTTER

2. NONSTARTED SUPERSONIC FLUTTER

3. HIGH BACK-PRESSURE STARTED SUPERSONIC FLUTTER

4. LOW BACK-PRESSURE STARTED SUPERSONIC FLUTTER

5. CHOKING FLUTTER

6. NEGATIVE INCIDENCE SUBSONIC SEPARATION FLUTTER

Fig. 1 Flutter regions on the compressor operating map.
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STREAHSHEET CONVERGENCE!

a) Blade-to-blade surface

UPSTREAM PITCHWISE BOUNDARY

b) Interblade channel computational grid

Fig. 2 Computational domain.
Fig. 3 Multichannel computational grid for an annular blade-to-
blade surface.

Table 1 Numerical Scheme

Numerical operators

-t ) }/aiJDET

Grid projection

Predictor step

Corrector step

Dissipation step

Li=[(

Numerical scheme

*U = PU - At [lodxFx (PU) + W5YFY(PU

**U = \ [PU +*U-At C{dxFx(U) 4

n + lU = **U + q¥ Di(pU) + q -^ Dj (PU)

H(PU)}

H(U)]

necessary, in order to stabilize the numerical procedure, to use
some kind of artificial dissipation. A very simple dissipative
term has been adjoined to the scheme (Table I).38

The discretization procedure previously described applies to
internal mesh points. On the boundaries of the computational
domain, inward, three-point differences are used so as to
preserve second-order accuracy.39

Boundary Conditions
The boundary conditions are applied using the compatibil-

ity relations method.28'40'43 The unsteady Euler equations
being hyperbolic in time, they are, at every point in the
flowfield, equivalent to a system of compatibility relations.

On a boundary, the compatibility relations associated with
ingoing characteristics are replaced by boundary conditions.
Those corresponding to outgoing characteristics form, with
boundary conditions, a system that is used to compute the new
quantities at the boundary.44'46 The axial velocity component
is invariably subsonic in modern turbomachines.3 Thus, at the
inflow boundary, we apply three conditions by prescribing the
total pressure, the total temperature, and the tangential
velocity in the relative frame. A nonreflecting inflow bound-
ary condition has also been tested.47 For fans with no inlet
distortion, the results with either of these inflow boundary
conditions were practically identical. At the outflow boundary
we must apply one condition, a nonreflecting condition, by
prescribing the outgoing Riemann invariant.46'47
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At the upstream permeable pitch wise boundaries, we apply
a simple mathing condition between adjacent channels. On the
blades, the unsteady nonpenetration condition is applied.
According to the conservation of circulation theorem,48 for
every bound-vorticity change, a vortex of opposite intensity is
shed in the wake of the blade. To simulate this phenomenon,
we apply an inviscid slipstream condition at the downstream
permeable pitch wise boundaries. This slipstream allows for
tangential velocity discontinuity49 and thus simulates the wake
as a concentrated vorticity line.14 The slip-line follows the
fluid particles. Therefore, it must be displaced accordingly at
every iteration.14'31'32 The displacement velocity is determined
by the normal to the slip-line component of the local fluid
velocity, which is continuous.14

Initialization
In order to integrate in time the unsteady Euler equations,

there is need for a set of initial conditions, according to the
theory of hyperbolic partial-differential equations.50 Steady-
state computations are initialized by assuming that the flow is
isentropic, varies linearly in space, and conforms with the
boundary conditions.46 The computed steady-state flowfield is
used to initialize the unsteady flow computations.

Traveling- Wave Method
The aeromechanical eigenmodes of a tuned bladed disk,

i.e., of a bladed disk of perfect cyclic symmetry, are traveling
waves.51'52 All of the blades vibrate at the same mode and
frequency but are out of phase, one with respect to its neigh-
bors, by a phase angle that is constant along the circumfer-
ence.51 For every blade mode there are N different traveling
waves,

qk = q 1),
(5)

|MACH NUMBER

o.
o, 1.

—*REDUCED AXIAL COORDINATE

ISO-MACH-STEP = 0,05

Fig. 4 Steady-state Mach number distribution for fan A started-flow
configuration.

Table 2 Features of the fan blades studied

Nominal rotation rate, rpm
Span, %
Radius, mm
Chord, mm
Solidity
Number of blades
Stagger angle, deg

Fan A
9551
92

376.3
154.7
1.44
22

33.8

Fan B
10,600

96
396.3
133.3
1.23
23

27.6

Thus, there exists a periodicity that relates the phase of vibra-
tion to the angular position of the blade. It is usual, in the case
of traveling-wave modes, to perform the computation in a
single channel by applying this chorochronical periodicity con-
dition at the permeable pitchwise boundaries.10'12'14'15 This
permits a considerable gain in computational time.

In the present work, a traveling-wave method has been
developed. In order to apply the described chorochronical
periodicity, one needs to know the vibration in time of the
scheme variables at the permeable pitchwise boundaries. To
this end, their values are stored in computer memory for a
number of instants per period (usually 72). Then their value at
a given instant is computed using a piecewise quintic inter-
polation procedure inspired by the interpolation method
proposed by Akima.53 Fourth-order-accurate Taylor expan-

HODULE PHASE

ISO'?

0° VIBRATION

0- LIFT

0. DRAG

MOMENT

0? 180° 360? 0* 180°. 360°.

B L A D E A N G U L A R POSITION

Fig. 5 Modules and phases of the generalized aerodynamic forces
first harmonic for fan A standing-wave vibration.

180.

0.5 1. 0,
-180.

0.5 1.
• REDUCED AXIAL COORDINATE

Fig. 6 Pressure coefficient first harmonic distribution on blade 1 for
fan A standing-wave vibration.
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BLADE A N G U L A R POSITION

Fig. 7 Modules and phases of the generalized aerodynamic forces
first harmonic for fan A mistimed vibration.
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180!

0.
0.

—» REDUCED AXIAL COORDINATE

Fig. 8 Pressure coefficient first harmonic distribution on blade 1 for
fan A mistuned vibration.

sions54 are used to evaluate slopes and curvatures. No special
attention is due to end-of-period points, since all functions are
cyclic in time.

Influence-Wave Method
It is usual, both in experimental work55'56 and theoretical

formulations,52 to study configurations where only one blade
vibrates, all the others being constrained to inertia, which we
shall call influence waves. The multichannel method may
readily simulate such configurations. However, experimental
results55'56 and experience with the multichannel method indi-
cate that the influence of the vibrating blade attenuates rapidly
as one moves away from it along the circumference. Thus, one
may gain in computational time by truncating the cascade to
a limited number of channels (seven channels were retained).
The center blade vibrates and steady-state distributions are

prescribed throughout the computation at the truncation
boundaries. This is equivalent to assuming that the unsteady
effects are negligible after the truncation.

Results
Cases Studied

To demonstrate the methodologyV possibilities, we will
present results for two fan blades, whose main characteristics
are summarized in Table 2. Standing-wave vibration and
mistuned vibration results, computed with the multichannel
method (MC), are presented for a started flow condition of
fan A. Traveling-wave vibration results, computed with the
traveling-wave method (TW), the multichannel method (MC),
and the influence-wave method (IW), are presented for an
unstarted flow condition of fan B. A 80 x 15 (axial x pitch-
wise/channel) grid was used in all the computations.

Fan A - Started Flow - Standing Wave
A standing-wave vibration at the nominal operating point

of fan A (Table 2) will be examined first. The relative
upstream Mach number is 1.32, arid the flow is started with a
strong in-passage shock wave (Fig. 4). The blade vibration is
in bending perpendicular to the chord, and the assembly mode
is a 3<£ standing wave (Fig. 5). The vibration frequency is 900
Hz (Srx = 0.33). All the blades vibrate in phase, and the
maximum blade amplitude is 1 mm. The computation was per-
formed in all of the 22 interblade channels. The first harmonic
of the generalized aerodynamic forces is presented in Fig. 5.
The moment amplitude is in percent of the steady-state value,
and the spanwise and edgewise forces are in percent of the
total steady-state force. The moment is computed around the
torsional center, which is situated near midchord. The stand-
ing-wave pattern of the flow response is evident. The first
harmonic pressure coefficient on blade 1 is presented in Fig. 6.
The amplitude peaks at the locations of the shock waves may
be noticed.

Fan A - Started Flow - Mistuned Vibration
Results will be presented for a mistuned vibration pattern,

at the nominal operating point of fan A (Fig. 4). The blade
vibration mode is torsional around the section's torsional
center, which is situated near midchord. The vibration fre-
quency is 1000 Hz (Srx = 0.30). The assembly mode is the
superposition of two traveling waves of amplitude 0.5 deg and
of orders +2 and + 3, respectively (Fig. 7). The computation
was performed in all of the 22 interblade chanels. The first
harmonic of the pressure coefficient on blade 1 is depicted in
Fig. 8.
Fan B - Unstarted Flow - Traveling Wave

In order to demonstrate the method's potential in the region
of unstarted flow, results are presented for an operating point
of 87% of design speed of fan B. The relative upstream Mach
number is 1.25, and the flow is nonstarted due to the relatively
high back-pressure level, with a system of detached strong
shock waves (Fig. 9). The incidence is 2.5 deg above the
unique incidence angle.17'18 The blades vibrate in torsion
around midchord at a frequency of 780 Hz (Srx = 0.25), and
the amplitude is 1 deg. The assembly mode is a second-order
traveling wave (pr — -31.30 deg). Both the traveling-wave
method and the multichannel method have been used to com
pute this configuration. The distribution of the first harmonic
of the pressure coefficient on the blade is presented in Fig. 10,
The amplitude peaks at the shock-wave foot, on the pressure-
side and at the leading edge, may be noticed. The amplitude
peaks at the leading edge are due to the detached shock-wave
system. The comparison between the traveling-wave method
and the multichannel method shows very good agreement. The
traveling-wave method is, however, about 23 times faster
(Table 3), since this rotor has 23 blades, and the multichannel
method simulates all the interblade channels. The interest of
the multichannel method is in its capability of simulating
arbitrary assembly modes of vibration.
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Table 3 Computational time requirements

CPU/channel/ CPU/
Case Method Channels Frequency, Hz Srx period, min period, min CPU (six periods), min
Standing wave
Mistimed mode
Traveling wave

Started flow
comparison

Nonstarted flow
comparison

MC
MC
TW
MC
IW

IW

IW

22
22

1
23
7

7

7

900
1000
780
780
780

356

136

0.33
0.36
0.25
0.25
0.25

0.12

0.06

1.7
.1.5
2.3
2.1
2.1

4.1

7.1

38.3
32.7
2.3

48.3
28.6

28.6

49.7

229.8
196.2
13.8

289.7
88.7

171.6

298.2

2.

0.

SUCTION

PRESSURE

\ MACH NUMBER

0,
REDUCED AXIAL COORDINATE

ISO-MACH-STEP = 0,05

Fig. 9 Steady Mach number distribution for fan B unstarted-flow
configuration.

The reason for truncating the cascade to a limited number
of channels in the influence-wave method is computational
time economy. The least number of channels giving satisfac-
tory results must be retained. In Fig. 11, the imaginary part of
the first harmonic of the aerodynamic moment is presented as
a function of interblade phase angle. The moment is in percent
of its steady-state value. Symbols denote values predicted
directly by a traveling-wave method, which may be considered
as the most reliable result. Lines denote results obtained by
superposition of the influence coefficients, computed using
the influence-wave method using different numbers of chan-
nels in the truncated cascade. Results with five channels are
not quite satisfactory. Results using seven channels predict
correctly the main features of the traveling-wave results, while
using nine channels in the computation does not offer any
substantial improvement in the prediction. From a number of
similar results not presented here, this author believes that, for
solidities like those of fans A and B, seven channels is a
judicious choice.

Comparison with Experimental Data
Gases Studied

The value of a methodology resides in its potential to
simulate realistic flow configurations. A first validation of the
methods is attempted here, through comparison with available
experimental data from detailed measurements performed by
ONERA.57 The experimental setting56'58 consists of a rectilin-
ear cascade of nine blades, where the center blade vibrates, all
the others being constrained to inertia. The measurement of
the influence coefficients permits the reconstruction of the
unsteady aerodynamic forces for an arbitrary vibratory

PHASE
TW
MC

MODULE

JL
PRESSURE

360.

SUCTION

J-180.
0.5 1. 0, 0.5

—»REDUCED AXIAL COORDINATE

Fig. 10 Pressure coefficient first harmonic distribution for fan B
traveling-wave vibration and comparison between the standing-wave
method and the multichannel method.

TW
IW

MOMENT
IMAGINARY
PART

5 CHANNELS
7 CHANNELS
9 CHANNELS

20.

10.

0.
UNSTABLE

-156.52

-10 -5

0. 187.83

interblade phase-angle (deg)——.

+10 +12

traveling-wave order ———

Fig. 11 Imaginary part of the first harmonic of the aerodynamic
moment vs interblade phase angle for fan B traveling-wave vibration
and comparison between the standing-wave method and the multi-
channel method.
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SUCTION COMPUTATION ——
EXPERIMENT 5 7 0

0.

PRESSURE

0. 0.5 .1.
—» REDUCED AXIAL COORDINATE

ISO-MACH-STEP = 0.05

Fig. 12 Comparison of computed and measured isentropic Mach
number distribution for fan B started-flow configuration.

mode.52 Comparisons are presented below of computed and
measured unsteady pressure distributions for a started flow
configuration of fan B and for an unstarted flow configura-
tion of fan A. The influence-wave method was used to com-
pute the unsteady flow response.

Fan B - Started Flow
The steady-state flow is started (Fig. 12) with a strong

in-passage shock wave. The upstream Mach number is on the
order of 1.4, and the back-pressure is relatively low. One may
notice the strong (supersonic-to-subsonic) leading-edge shock
wave on the pressure side and the subsequent acceleration
until the strong in-passage shock wave. The comparison be-
tween computed and measured57 isentropic Mach number
distributions shows satisfactory agreement, with the exception
of the shock-wave/boundary-layer interaction region on the
pressure side, where viscous effects become important. This
overprediction of postshock pressure recovery is typical of
inviscid methods.18'59

The unsteady results are for a purely torsional mode,
around midchord at a frequency of 356 Hz (Srx - 0.12). The
comparison (Fig. 13) of the computed and measured57 pres-
sure coefficient first harmonic on the vibrating blade shows
rather satisfactory agreement, with the exception of the phase
angle.in the shock-wave/boundary-layer interaction region on
the pressure side. It would seem that only a method adequately
accounting for the viscous effects might accurately simulate
the flow in this region.

In order to make a flutter estimate, one needs to know the
generalized unsteady aerodynamic forces on the blades. Figure
14 depicts the imaginary part of the first harmonic of the
aerodynamic moment, in percent of its steady-state value, as a
function of interblade phase angle. The results obtained by
superposition of the computed influence coefficients are
compared to those obtained by superposition of the measured
influence coefficients. The comparison is quite satisfactory,
especially in the region of unstable interblade phase angles.

Fan A - Unstarted Flow
The steady-state flow is unstarted (Fig. 15). The upstream

Mach number is on the order of 1.2. The comparison of
computed and measured57 isentropic Mach number distribu-
tions shows satisfactory agreement (Fig. 15 shows the accurate

10,

COMPUTATION ——
EXPERIMENT 5 7 O

MODULE PHASE

0.

SUCTION SUCTION
180.

-180.

0.5 1. 0. 0.5

—>• REDUCED AXIAL COORDINATE

-180.

Fig. 13 Comparison of computed and measured pressure coefficient
first harmonic distribution on the vibrating blade for fan B
influence-wave vibration.

MOMENT
IMAGINARY
PART
(5)

COMPUTATION -

E X P E R I M E N T 5 7 -

+50.

0.

-50.

-100.

UNSTABLE
STABLE

-156.52

-10

0. 167.83

interblade phase-angle (deg) —— <

-5 +5 +10 +12

traveling-wave order ———•

Fig. 14 Comparison of the curves for the first harmonic of the
aerodynamic moment vs interblade phase angle for fan B vibration,
reconstructed using computed and measured influence coefficients,
respectively.

prediction of the shock-wave location on the suction side).
However, the postshock pressure recovery is again overpre-
dicted,18'58 and on the pressure side there is a noticeable differ-
ence in Mach number level. These discrepancies were at-
tributed to viscous effects. Also, a weak leading-edge shock
wave was not resolved by the method. It is not clear whether
this discrepancy must be attributed to viscous phenomena or
to insufficient algorithm resolution of the leading-edge de-
tached shock structure.
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Fig. 15 Comparison of computed and measured isen-
tropic Mach number distribution for fan A unstarted-
flow configuration.

SUCTION

D.

C O M P U T A T I O N
EXPERIMENT 5

2.

1.

0.5 1.

0.

PRESSURE

0. 0.5 1.
• REDUCED AXIAL COORDINATE

I S O - M A C H - S T E P = 0,05

COMPUTATION ——
EXPERIMENT57 O

MODULE PHASE
180.

PRESSURE PRESSURE

0.5 1 0, 0.5
REDUCED AXIAL COORDINATE

-180.

Fig. 16 Comparison of computed and measured pressure coefficient
first harmonic distribution on the vibrating blade for fan A
influence-wave vibration.

The unsteady results are for a pure bending mode perpen-
dicular to the chord. The frequency is 136 Hz (Sr^ = 0.06).
The comparison of computed and measured57 pressure coeffi-
cient first harmonic distributions on the vibrating blade shows
very good agreement (Fig. 16), with the exception of the phase
angle on the suction side, due mainly to the insufficient
leading-edge shock system resolution and the viscous effects in
the shock-wave/boundary-layer interaction on the suction
side.

Computational Time Requirements
All the computations were performed on an IBM 3090-200

computer. Convergence of the unsteady results (harmonics)
was satisfactory after simulating six vibration periods. Com-

putational time requirements for the results presented here
may be found in Table 3.

Conclusions
In the present work, a Euler solver has been developed for

analyzing the blade-to-blade surface unsteady aerodynamics
of vibrating cascades. The method may simulate cascades of
arbitrary geomentry and is completely nonlinear with vibra-
tion amplitude. Both started and unstarted flow configura-
tions may be simulated, as may be seen from the results
presented. The method provides both the steady-state flow-
field and its response to the vibration of the blades.

The multichannel method has the capability of directly
simulating complex and arbitrary assembly modes, such as
standing waves, influence waves, and mistuned modes. A
much faster traveling-wave method has also been developed to
simulate the flow in a single channel to analyze the flowfield
response to traveling waves. Finally, a truncated multichannel
influence-wave method has also been developed.

Throughout this work we were aware that viscous effects
must be included in the modeling. However, a first compari-
son with experimental results demonstated the ability of
the method to reproduce quantitatively the unsteady flow
in vibrating cascades with supersonic started or unstarted
flows. Although viscous effects produce discrepancies be-
tween computation and experiment, the results are globally
quite satisfactory.

We believe that this methodology provides a powerful
analytic tool for the unsteady aerodynamics of vibrating
cascades in the supersonic flow regime. It may simulate with
accuracy realistic configurations in actual aircraft engine fans.
The modeling of viscous effects will not only enhance the
method's accuracy but also extend its applicability to the sub-
sonic flutter regions, thus permitting flutter analysis every-
where in the compressor operating map.
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